We analyze the lepton flavor violation processes µ − e conversion, l i → l j γ and l i → 3l j in framework of the Standard Model (SM) extended with inverse seesaw mechanism, as a function ofη = 1 − |Det(Ũ P M NS )| that parameterizes the departure from unitary of the light neutrino mixing sub-matrixŨ P M NS . In a wide range ofη, the predictions on the µ − e conversion rates and the branching ratio of µ → eγ are sizeable to be compatible with the experimental upper limits or future experimental sensitivities. For large scale ofη, the predictions on branching ratios of other lepton flavor processes can also be reach the experimental upper limits or future experimental sensitivities. The value of η depends on the determinant of the Majorana mass term Mµ. Finally, searching for lepton flavor violation processes in experiment provides us more opportunities for the searches of seesaw nature of the neutrino masses.
Introduction
Neutrino oscillation experiments 1,2,3,4 have established compelling evidence that neutrinos are massive and the neutral lepton flavor is not conserved. In SM extended with massive neutrinos, the charged Lepton Flavor Violation (LFV) processes, arising from loop level, such as radiative two body decays (l i → l j γ) and leptonic three body decays (l i → 3l j ), remain highly suppressed, see Table. 1 5 for current experimental upper bounds, making them difficult to observe. The limit on branching ratio of µ → eγ is the most recent result given by the MEG experiments at the 90% confidence level 6 . Nevertheless, various extensions of the SM, such as the seesaw model with or without GUT, supersymmetry, Z ′ models, etc., have predicted enhanced branching ratios of LFV processes to be accessible in current experiments. Thus, searching for LFV processes are a powerful way to prove physics beyond the SM. Table 1 . Current limits and future expectations for µ − e conversion, l i → l j γ and l i → 3l j .
Channel
Limit Future CR(µ − e, Al) -2.4 × 10 −17 , 7 ,10 −17 , 8 CR(µ − e, T i) < 4.3 × 10 −12 10 −18 , 9 CR(µ − e, SiC) -10 −14 , 10 CR(µ − e, Au) < 7 × 10 −13 -CR(µ − e, P b) < 4.6 × 10 −11 -BR(µ → eγ) < 5.7 × 10 −13 6 × 10 −14 , 11 BR(τ → eγ) < 3.3 × 10 −8 2.3 × 10 −9 , 12 BR(τ → µγ) < 4.4 × 10 −8 3 × 10 −9 , 13 ,1.8 × 10 −9 , 12 BR(µ → 3e) < 1.0 × 10 −12 10 −15 , 14 ,10 −16 , 15 BR(τ → 3e)
< 2.7 × 10 −8 2 × 10 −10 , 12 BR(τ → 3µ)
< 2.1 × 10 −8 10 −9 , 13 ,2 × 10 −10 , 12
The seesaw mechanisms have been recognized as the most natural scenario for understanding the smallness of neutrino mass up to now. In canonical Type(I) seesaw, three right-handed neutrinos are introduced, and to achieve sub-eV range of light neutrino masses, Grand Unified (GUT) scale (i.e., 10 16 GeV) of the righthanded neutrinos is required and that makes the LHC study of the new physics scale difficult. In order to make the right-handed neutrino masses down to the TeV scale, the small neutrino masses have to be effectively suppressed via other mechanisms rather than the GUT scale, such as radiative generation, small lepton number breaking, or neutrino masses from a higher than dimension-five effective operator 16 . Another option to relate small neutrino mass to TeV scale physics is the inverse seesaw mechanism 17,18 . The smallness of the light neutrino masses can be ascribed to the smallness of M µ , which breaks the lepton number by two unity.
The smallness of M µ is a key element of the inverse seesaw models. So far, a very appealing picture is the radiative origin of the two unity lepton number-breaking parameter as it has been proposed in Ref. 19: it is induced at two-loop level, thus explaining its smallness with respect to the electroweak scale (EW). Introducing new scalar fields, the two unity lepton number-breaking term can also be induced at twoloop level and is naturally around the keV scale, while righthanded neutrinos are at the TeV scale 20 . In the supersymmetric inverse seesaw mechanism, the smallness of M µ was related to vanishing trilinear susy soft terms at the grand unified theory (GUT) scale 21 . In warped extra dimension, one can have the M µ smallness dictated by parameters of order one that govern the location of the 5D profile of the S fields in the bulk 22 .
The effective mass matrix for the light neutrinos is given by
So that scale of M R can be made small and many phenomena due to the non-unitary feature of the neutrino mixing matrix can be manifested, such as LFV, CP violation and non standard effects in neutrino propagation 23 . Non-unitary mixing between In the inverse seesaw model, the limits on degenerate values of M R and M µ from the photonic contribution are much more stringent than from the non-photonic contribution for µ − e conversion in nucleus, and the rates arising from virtual photon exchange are generically correlated to the µ → eγ decay 34 . It is also shown that prediction on the branching ratio of µ → eγ can be within the reach of MEG experiment in B -L extension of the SM with inverse seesaw mechanism 35 . In supersymmetric inverse seesaw model, the LFV decays can be enhanced by flavour violating slepton contributions, the non-unitary of the charged current mixing matrix or the Higgs mediated processes 36,37,38 . In the framework of a supersymmetric SO(10) model with inverse seesaw 39 , the expected branching ratio for (l i → l j γ) are several orders of magnitude below the future sensitivity in experiment with TeV scale slepton mass, and for (l i → 3l j ) and µ − e conversion, the predictions are much smaller than what can be probed in planned experiments.
In SM, the LFV decays mainly originate from the charged current with the mixing among three lepton generations. The fields of the flavor neutrinos in charged current weak interaction Lagrangian are combinations of three massive neutrinos:
where g 2 denotes the coupling constant of gauge group SU(2), ν lL are fields of the flavor neutrinos, ν iL are fields of massive neutrinos, and U P MN S corresponds to the unitary neutrino mixing matrix 40,41,42 .
In this paper we have studied LFV decays l i → l j γ, l i → 3l j and µ−e conversion as a function of non-unitary parameterη, which is firstly introduced in Ref. 43 in the SM extended with inverse seesaw mechanism. Moreover, we also investigate the the dependence ofη on M µ . From this point of view, the paper proposed is different from others. We perform a scan over non-degenerate parameters M R and M µ , which vary in region of [1, 10 6 ] GeV and [10 −11 , 10 −3 ] GeV, respectively, by taking account of the constraints from neutrino oscillation data and several rare decays. We have give a discussion about the parameter spaces, which is more narrow than Ref. 34 . For CR(µ − e, N ucleus), both photonic and non-photonic contribution are considered in this paper.
The paper is organized as follows. In Section.2, we review the inverse seesaw mechanism and give the expressions for the unitary violating parameterη. The numerical results and discussions are presented in Section.3. The conclusion is drawn in Section.4.
Inverse seesaw model
The inverse seesaw mechanism can be accommodated in SM by adding two kind of singlet fermions, N 
where l L stands for the SU (2) L lepton doublet, H ≡ iσ 2 H * stands for the Higgs doublets, Y ν and Y ′ ν are the 3 × 3 Yukawa coupling matrices, and M µ is a symmetric Majorana mass matrix. In this mechanism, it introduces an extra U (1) gauge symmetry into the electroweak model, under which the right-handed neutrino must be a non-singlet. After spontaneous gauge symmetry breaking, the extra U (1) gauge group breaks into U (1) Y , the weak hypercharge of the standard model. The invariant Lagrangian in Eq.(3) would be:
where 
where M is a 9 × 9 matrix. The mass scales of M D ,M R and M µ in Eq.(5) may naturally have a hierarchy
In reality, a small non-vanishing M µ can be viewed as a slight breaking of a global U (1) symmetry. The 9×9 neutrino mass matrix M can be diagonalized by the unitary mixing matrix U : and it yields nine mass eigenstates N i . The light neutrino flavour states ν lL could be given in terms of the mass eigenstates via the unitary matrix U as
It is obvious that the mixing matrix would be simply the rectangular matrix formed by the first three rows of U in Eq.(6) and the matrixŨ P MN S describing the mixing between the charged leptons and light neutrinos in inverse seesaw mechanism could be written by:Ũ
In inverse seesaw mechanism, U in Eq. (6) 
It has been shown in Ref.
43 that large value ofη is responsible for the lepton flavour universality violation in K + and π + leptonic decays in SM extended with inverse seesaw mechanism.
The diagonalization of M leads to an effective mass matrix for the light neutrinos in the leading order approximation 46 ,
which indicates that the light neutrino masses vanish in the limit M µ → 0 and lepton number conservation is restored. The effective mass matrix m ν is diagonalized by the physical neutrino mixing matrix U P MN S ,
and, in the standard parametrization 5 , U P MN S is given by
where s(c) 1 = sin(cos)θ 12 , s(c) 2 = sin(cos)θ 23 , s(c) 3 = sin(cos)θ 13 , and the experimental limits on the mixing angles are given in Table. 2. The phase δ is the Dirac CP phase, and Φ i are the Majorana phases. The remaining six heavy states have masses approximately given by M ν ≃ M R . Without loss of generality, we work in a basis where M R is assumed as diagonal matrix. Using a modified Casas-Ibarra parametrisation 47 , which is automatically reproducing the light neutrino data, Y ν can be written by
with υ the vacuum expectation value of the SM Higgs boson.M is the relevant diagonal matrix of
, which is diagonalized by matrix V :
and R is a 3 × 3 complex orthogonal matrix, parametrized by three complex angles α 1 , α 2 , α 3 :
with the notation c i = cos α i and s i = sin α i , with i = 1,2,3. For simplify, we will assume R is real in our calculation. The interactions of the nine neutrino mass eigenstates, N i,j , and charged leptons, l i , with the gauge bosons, W ± and Z, are correspondingly given by the Lagrangians:
where g 2 is the coupling constant of gauge group SU(2), and c w is the cosine of the weak mixing angle.
Here, C ij is also not unitary.
Numerical Analysis
To quantitatively study the non-unitary effect on various LFV processes, we perform a scan over the parameter space described as following. Before the calculation, it is clear that present data on neutrino masses and mixing should be accounted for, which are listed in Table. 2 5 . and ∆m 2 32 within 3σ experimental errors and set the value of sin 2 2θ 23 equal to 1. The light neutrino mass spectrum is assumed to be normal ordering, i.e., ∆m In SM with inverse seesaw mechanism, the relevant input parameters are the right-handed neutrino mass matrix M R and Majorana mass matrix M µ . Here, as mentioned before Eq. (13), M R is diagonal matrix. We will make the minimal flavor violation hypothesis which consists in assuming that flavor is violated only in the standard Dirac Yukawa coupling. Under this simplification the 3 × 3 matrix M µ must be also diagonal. We have randomly varied the entries of (M R ) ii in the range of [1, 10 6 ] GeV and (M µ ) ii in the range of [10 −11 , 10 −3 ] GeV. 
The experimental measurements of several rare decays should be also considered cause the parameter spaces are strongly constrained by such measurements. These rare decays have been investigated in literatures 31,32,43,48 . The non-unitary nature of the neutrino mixing matrix can manifest itself in tree level processes like leptonic decays of W boson and mesons (B + ,D + s ,K + and π + ), and invisible decay of Z boson. It can also manifest in LFV decays of Z boson, LFV rare charged lepton decays like l i → l j γ, l i → 3l j , and LFV process µ − e conversion in an atom, which proceed via one loop processes, and hence can be constrained. The current experimental limits are listed in Table.1 and Table. 3 at 1σ level. Current experimental limits are listed at the 90% confidence level 5 (except for Z → e ± µ ± , Z → e ± τ ± and Z → µ ± τ ± for which the 95% C.L bounds are given). We will use these limits to bound the parameter spaces. For the channels listed in Table. 3, we require that our numerical results are compatible with the experimental values within 3σ experimental errors. We have studied the possible constraints on the mass matrix inputs ( 22 and (M µ ) 33 . It has been studied in Ref. 34 that the region of
Mµ MR

10
−7 has been excluded by considering the constraints from µ − e conversion in various nucleus, where the eigenvalues of both M R and M µ are degenerate. We display the area plot of (Mµ)11 (MR)11 versus (M R ) 11 in Fig.1 . It shows that, without the assumption the eigenvalues of both M R and M µ are degenerate and by considering more constraints, the excluded region is narrowed to 
versus (M R ) 11 . The shadow region is compatible with constraints in Table.1 and Table. 3.
addition, the blank area in the upper right corner in Fig.1 is also Fig.2 , we display the determinant Det(M µ ) versus Log[η] from a scan over few 10 6 points in parameter space in the inverse seesaw mechanism. Here,
It shows that large values of unitary violationη (e.g., 10 −4 ) correspond to small scales of Det(M µ ) (e.g., 10 −15 GeV 3 ) or (M µ ) ii (e.g., 10 −5 GeV). In models where lepton number is spontaneously broken by a vacuum expectation value σ 46 one has (M µ ) ii = (λ) ii σ , where M µ is diagonal as assumed. For typical Yukawas (λ) ii ∼ 10 −3 one sees that (M µ ) ii ∼ 10 −6 GeV corresponds to a scale of lepton number violation value σ ∼ 10 −3 GeV 34 . Thus, if the LFV processes are observed in experiment, the vacuum expectation value σ should be the scale of (1 − 10 −3 ) GeV, under the assumption of typical Yukawas.
In Fig.3 , we show the area plot of CR(µ− e, Au) versus Log[η] in the inverse seesaw mechanism from the scan over few 10 6 points in parameter space. The expected conversion rates CR(µ → e, Au) are sizeable to compatible with the experimental upper limit and future experimental sensitivities in range of 10 −14 <η < 10 −4 . For η < 10 −14 , the upper limit of the CR(µ − e, Au) decreases. The expected conversion rates CR(µ → e, Au) could be very small in the whole region of 10 −18 <η < 10 −4 . The area plots for CR(µ − e, Al), CR(µ − e, T i) and CR(µ − e, P b) versus Log[η] have the same behavior.
In Fig.4 , we display area plot of BR(µ → eγ) and BR(τ → eγ) Table.1 and Table. 3.
in the inverse seesaw mechanism from the scan over few 10 6 points in parameter space. It shows most predictions of BR(µ → eγ) are just below the experimental upper limit in range of 10 −16 <η < 10 −4 . In a narrow range of 10 −18 <η < 10 −16 , the upper limit of the predictions decreases. The prediction of BR(τ → eγ) can reach to the current limits only whenη is large (η > 10 −10 ). The upper limit of the predictions decreases whenη < 10 −10 . It is noteworthy that µ → eγ is more constraining than τ → eγ in most cases from a compare between figures in Fig.4 . However, there is still probability that both predictions of these processes are very close to the experimental upper limit (η > 10 −10 ). The area plot for BR(τ → µγ) versus Log[η] has the same behavior with BR(τ → eγ) versus Log[η].
In Fig.5 , we display area plot of BR(µ → 3e) and BR(τ → 3e) versus Log[η] in the inverse seesaw mechanism. It displays that the predictions of BR(µ → 3e) and Table.1 and Table. 3.
BR(τ → 3e) can reach the experimental limit at large values ofη (aboutη > 10
andη > 10 −10 ). Also, the upper limits of predictions decrease whenη < 10 −12
andη < 10 −10 , respectively. The observation of LFV decays µ → 3e and τ → 3e indicate the large violation of unitary in light neutrino mixing matrix and a lower vacuum expected value σ . The area plot for BR(τ → 3µ) versus Log[η] has the same behavior with BR(τ → 3e) versus Log[η].
Conclusions
The non-unitary mixing matrix in seesaw mechanism is a generic feature for theories with mixing between neutrinos and heavy states and provides a window to probe new physics at TeV scale.
In this paper we have studied lepton flavor violation decays l i → l j γ, l i → 3l j and µ − e conversion as a function of non-unitary parameterη in the SM extended with inverse seesaw mechanism through a scan over the parameter spaces defined from the right-handed neutrino mass matrix M R and Majorana mass matrix M µ . Taking account of the constraints from neutrino oscillation and various rare decays, the relevant parameter spaces are more narrow than that in Ref. 34 . The result shows that large values of unitary violationη are related to small scales of Det(M µ ) or a small vacuum expectation value σ in spontaneously lepton number broken models. In range of 10 −14 <η < 10 −4 , the upper limits of predictions of CR(µ− e, N ucleus) and BR(µ → eγ) can reach the sensitivity of experiment, and is promising to detect directly in experiment in near future. In range of 10 −10 <η < 10 −4 , the upper limits of BR(τ → e(µ)γ), BR(µ → 3e) and BR(τ → 3e(µ)) can also reach the sensitivity of experiment. Finally, searching for LFV processes can serve as a window to the new physics of seesaw nature of neutrino masses.
